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Hardy
1,2 Hardy Hardy 3
Hardy
1 Hardy $(1\leq p<n)$
Hardy Sobolev
1.1 (Hardy ). $1\leq p<n,$ $u\in W^{1,p}(\Omega)$
$( \frac{n-p}{p})^{p}\int_{\mathbb{R}^{n}}\frac{|u(x)|^{p}}{|x|p}dx\leq\int_{\mathbb{R}^{n}}|\nabla u(x)|^{p}dx$ (1.1)
$(\underline{n}p-l)^{p}$
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1.1
1.1 Peral-Vazquez [25] Lemma 4. 1
$u\in C_{0}^{\infty}(\mathbb{R}^{n})$
$|u(x)|^{p}=- \int_{1}^{\infty}\frac{d}{d\lambda}|u(\lambda x)|^{p}=-p\int_{1}^{\infty}|u(\lambda x)|^{p-2}u(\lambda x)(x\cdot\nabla u(\lambda x))d\lambda$
H\"older




$( \int_{\mathbb{R}^{n}}\frac{|u(y)|^{p}}{|y|^{p}}dy)^{1-\frac{1}{p}}$ p $*$
$u_{k}(x)=\{\begin{array}{ll}\frac{2}{n-2+\frac{2}{k}}, 0\leq|x|\leq 1,\frac{2}{n-2+\frac{2}{k}}|x|^{-\frac{n-2}{2}-\frac{1}{k}}, 1<|x|,\end{array}$
(1.1) $karrow\infty$
1.1. Hardy $( \frac{n-p}{p})^{p}$ $W^{1,p}(\mathbb{R}^{n})$
Hardy
Hardy








$\phi$#( ) $\phi$ B $r$
$|B_{r}|$ Lebesgue
1.2. $f,$ $g$ $\mathbb{R}^{n}$ $f^{\#_{g}\#}$
(1) $f^{\#}$
(2) $\int_{\mathbb{R}^{n}}f(x)g(x)dx\leq\int_{\mathbb{R}^{n}}f^{\#}(|x|)g^{\#}(|x|)dx$
(3) $Polya-Szeg\ddot{0}$ $1\leq p<\infty$ $f\in\dot{W}^{1,p}(\mathbb{R}^{n})$
$\int_{\mathbb{R}^{n}}|\nabla f(x)|^{p}dx\leq\int_{\mathbb{R}^{\mathfrak{n}}}|\nabla f^{\#}(|x|)|^{p}dx$
(1), (2) Lieb-Loss [22] Section3, (3) Polya-Szeg\"o
Talenti[26] $p=2$
( Lieb-Loss [22] Section 7.17, [28] A5 )
1.2(1), (2) Hardy (1.1)
$( \frac{n-p}{p})^{p}\int_{\mathbb{R}^{n}}\frac{u^{\#}(|x|)^{p}}{|x|^{p}}dx\leq\int_{\mathbb{R}^{n}}|\nabla u^{\#}(|x|)|^{p}dx$ (1.2)
Hardy (1.2)
$\rho_{k}$














$lf^{\backslash }$ ’ $\grave{}$ .
1.3 Sobolev
Hardy (1.2) Lorentz norm
Lorentz norm
$\Vert u\Vert_{Lp,q(\mathbb{R}^{n})}=\{\begin{array}{l}(\int_{\mathbb{R}^{n}}(|x|^{\frac{n}{p}}u^{\#}(|x|))^{q}\frac{dx}{|x|^{n}})^{\frac{1}{q}} 1\leq p<\infty, 1\leq q<\infty,\sup_{x\in \mathbb{R}^{n}}|x|^{\frac{n}{p}}u^{\#}(|x|) , 1\leq p\leq\infty, q=\infty\end{array}$
Lorentz Lebesgue
(Bergh-L6fstr\"om [8] Theorem5.2. 1, ). Lorentz
(1)




( Ziemer[30]Lemma 1.8.13 )



















2. 1 (1.2) Polya-Szeg\"o
H\"older




2.2. 2.1 $\alpha,$ $C>0$
$\int_{\Omega}\exp(\frac{\alpha|u(x)|}{||\nabla u||_{L^{n}}})^{\frac{n}{n-1}}dx\leq C|\Omega|$ (2.2)
2.2 Polya-Szeg6 $u\in W_{0}^{1,n}(\Omega)$ $u\#\in W_{0}^{1,n}(\Omega)$
2.1 Polya-Szeg6





$u^{\#}(r) \leq C’\Vert\nabla u\Vert_{L^{n}}(\log\frac{eR}{r})^{\frac{n-1}{n}}$
$\int_{\Omega}\exp(\frac{\alpha|u(x)|}{||\nabla u||_{L^{n}}})^{\frac{n}{n-1}}dx=\int_{B_{R}}\exp(\frac{\alpha|u\#(|x|)|}{\Vert\nabla u||_{L^{n}}})^{\frac{n}{n-1}}dx$
$\leq\int_{B_{R}}$ exn $( \frac{\alpha C’\Vert\nabla u||_{L^{n}}(\log\frac{eR}{|x|})^{\frac{n-1}{n}}}{||\nabla u\Vert_{L^{n}}})^{\frac{n}{n-1}}dx$











$(n-1)^{n} \int_{\mathbb{R}^{n}}\frac{(u\#\#(|x|)-u^{\#}(|x|))^{n}}{|x|^{n}}dx\leq\int_{\mathbb{R}^{n}}|\nabla u^{\#}(|x|)|^{n}dx$ (3.1)
3.1 Sobolev [7] 3. 1
3.2 (AlvinxHombetti-Lions [3], Kolyada[21]).















3.3 ( $I$ . [20]). (3.1) $n^{n}$
3.3 Hardy
3.4 ( $I$ . [20]). $\Omega$ $\mathbb{R}^{n}$ $B_{R}$ $\Omega$
$u\in W_{0}^{1,n}(\Omega)$
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